We define an equity-interest rate hybrid model in which the equity part is driven by the Heston stochastic volatility [Hes93] , and the interest rate (IR) is generated by the displaced-diffusion stochastic volatility Libor Market Model [AA02]. We assume a non-zero correlation between the main processes. By an appropriate change of measure the dimension of the corresponding pricing PDE can be greatly reduced. We place by a number of approximations the model in the class of affine processes [DPS00], for which we then provide the corresponding forward characteristic function. We discuss in detail the accuracy of the approximations and the efficient calibration. Finally, by experiments, we show the effect of the correlations and interest rate smile/skew on typical equity-interest rate hybrid product prices. For a whole strip of strikes this approximate hybrid model can be evaluated for equity plain vanilla options in just milliseconds.
Introduction
Over the past decade the Heston equity model [Hes93] with deterministic interest rates has established itself as one of the benchmark models for pricing equity derivatives. The assumption of deterministic interest rates in the Heston model is rather harmless when equity products with a short time to maturity need to be priced. For long-term equity contracts or equity-interest rate hybrid products, however, a deterministic interest rate is not acceptable. The extension of the Heston model with stochastic interest rates is established for basic short-rate processes, like Hull-White or multi-factor models, in, for example, [GOW09; GO09] . These interest rate models cannot generate implied volatility smiles or skews as commonly observed in the interest rate market. They can therefore mainly be used for long-term equity options, or for 'not too complicated' equity-interest rates hybrid products. For hybrid products that are exposed to the interest rate smile, more involved models are required. In the present paper we develop such a hybrid model.
For several years the log-normal Libor Market Model (LMM) [BGM97; Jam97; MSS97] has established itself as a benchmark for interest-rate derivatives. Without enhancements this model is also not able to incorporate strike-dependent volatilities of fixed income derivatives, such as caps and swaptions. An important step in the modelling came with the local volatility type [AA00] , and the stochastic volatility extensions [ABR05; AA02; Reb02] , with which a model can be fitted reasonably well to market data, while the model's stability can still be guaranteed.
In the literature a number of stochastic volatility extensions of LMM have been presented, see e.g., Brigo and Mercurio [BM07] . The model on which our work is based is the displaced diffusion stochastic volatility (DD-SV) model developed by Andersen and Andreasen [AA02] . It was Piterbarg's paper [Pit03] which connected the time-dependent model volatilities and skews for Libor and swap rates to the market implied quantities. The concept in [Pit03] of effective skew and effective volatility enables the calibration of the volatility smiles for a grid of swaptions.
In this article we develop an equity-interest rate hybrid model with equity modeled by the Heston model and the interest rate driven by the Libor Market Model, namely, by the displaced-diffusion-stochastic-volatility model (DD-SV) [AA02] . In practice, the equity calibration is performed with an a-priori calibrated interest rate model. Therefore a very efficient and fast model evaluation is mandatory.
By changing the measure from the risk-neutral to the forward measure, associated with the zero-coupon bond as the numéraire, the dimension of the approximating characteristic function can be significantly reduced. This, combined with freezing the Libor rates and appropriate linearizations of the non-affine terms arising in the corresponding instantaneous covariance matrix are the key issues to efficient model evaluation and pricing equity options of European type. For a whole strip of strikes the approximate hybrid model developed can be evaluated for equity plain vanilla options in just milliseconds.
We focus on the fast evaluation for the plain vanilla equity option prices under this hybrid process, and assume that the parameters for the interest rate model have been determined a-priori.
The article is set up as follows. First of all, in Section 2, we discuss the generalization of the Heston model and provide details about the DD-SV interest rate model. In Section 3 the dynamics for the equity forward model are derived and an approximation for the corresponding characteristic function is developed in Section 4. Numerical experiments, in which the accuracy of the approximations is checked, are presented in Section 5.
The Equity and Interest Rate Models

The Heston Model and Extensions
With state vector X(t) = [S(t), ξ(t)]
T , under the risk-neutral pricing measure, the Heston stochastic volatility model [Hes93] , is specified by the following system of stochastic differential equations (SDEs):
dS(t) S(t)
= r(t)dt+ ξ(t)dW x (t), S(0) > 0, dξ(t) = κ(ξ − ξ(t))dt+ γ ξ(t)dW ξ (t), ξ(0) > 0, (2.1) with r(t) a deterministic time-dependent interest rate, a correlation dW x (t)dW ξ (t) = ρ x,ξ dt, and |ρ x,ξ | < 1. The variance process, ξ(t), of the stock, S(t), is a meanreverting square root process, in which κ > 0 determines the speed of adjustment of the volatility towards its theoretical mean,ξ > 0, and γ > 0 is the second-order volatility, i.e., the variance of the volatility. As already indicated in [Hes93] , under the log-transform for the stock, x(t) = log S(t), the model belongs to the class of affine processes [DPS00] . For τ = T − t, the characteristic function (ChF) is therefore given by:
where the complex-valued functions A(u, τ ), B x (u, τ ) and B ξ (u, τ ) are known in closed-form (see [Hes93] ).
The ChF is explicit, but also its inverse has to be found for pricing purposes. Because of the form of the ChF, we cannot get it analytically and a numerical method for integration has to be used, see, for example, [CM99; FO08; Lee04; Lew00] for Fourier methods.
Since a deterministic interest rate is not sufficient for our pricing purposes, we relax this assumption and assume the rates to be stochastic. A first extension of the framework can be done by defining a correlated short-rate process, r(t), of the following form: dr(t) = µ r (t, r(t))dt + σ r (t, r(t))dW r (t), r(0) > 0, with dW r (t)dW x (t) = ρ x,r dt. Depending on the functions µ r (t, r(t)), and σ r (t, r(t)) many different interest rate models are available. Multi-factor models arise by extending the single-factor processes with additional sources of randomness (see [BM07] for a survey). Clearly, even for non-zero correlation between the equity process and the interest rates, the extension of the plain Heston model with an additional (correlated) stochastic interest rate process is rather straight-forward. However, the standard techniques for determining the corresponding ChF are not applicable 1 [DPS00] , so model calibration can become a cumbersome task.
Previously, we have proposed, in [GO09] , linear approximations for the nonaffine terms in the instantaneous covariance matrix related to a short-rate based hybrid model, in order to determine a ChF. With such a short-rate model, however, the interest rate can only be calibrated well to at-the-money products like caps and swaptions. Those models can therefore only be used for relatively basic hybrid products, which are insensitive to the interest rate smile.
When developing a more advanced hybrid model, moving away from the shortrate processes to the market models, the main difficulty is to link the discrete tenor Libor rates, L(t, T i , T j ), for T i < T j to the continuous equity process, S(t). This issue is addressed here.
In the section to follow we present the main concepts of the market models.
The Market Model with Stochastic Volatility
Here, we build the basis for the interest rate process in the Heston hybrid model. For a given set of maturities T = {T 0 , T 1 , T 2 , . . . , T N } with a tenor structure τ k = T k − T k−1 for k = 1, . . . , N we define P (t, T i ) to be the price of a zero-coupon treasury bond maturing at time T i (≥ t), with face-value e1 and the forward Libor rate
For modelling the Libor Market Model, we take the displaced-diffusion-stochastic volatility model (DD-SV) by [AA02] . The Libor rate L k (t) is defined under its natural measure by the following system of stochastic differential equations (SDEs):
where σ k (t) determines the level of the volatility smile. Parameter β k (t) controls the slope of the volatility smile, and λ determines the speed of mean-reversion for the variance and influences the speed at which the volatility smile flattens as the swaption expiry increases [Pit03] . Parameter η determines the curvature of the smile. Subscript i and superscript j in dW j i (t) indicate the associated process and the corresponding measure, respectively. Throughout this article we assume that the DD-SV model in (2.4) is already in the effective parameter framework developed in [Pit03] . This means that approximate time-homogeneous parameters are used instead of time-dependent parameters. For this reason we set β k (t) ≡ β k and σ k (t) ≡ σ k .
An important feature, which will be shown in next section, is that in our framework it is convenient to work under the T N -terminal measure associated with the last zero-coupon bond, P (t, T N ).
By taking
under the T N -terminal measure and for k < N , the Libor dynamics are given by:
In the DD-SV model in (2.4) the change of measure does not affect the drift in the process for the stochastic variance, V (t). This is due to the assumption of independence between the variance process, V (t), and the Libors, L k (t). Although a generalization to a non-zero correlation is possible (see [WZ08] ), it is not strictly necessary. The model, by the displacement construction and the stochastic variance, already provides a satisfactory fit to market data. Note that for k = N the dynamics for L(t, T k−1 , T k ) do not contain a drift term (Libor L(t, T N −1 , T N ) is a martingale under the T N measure).
When changing the measure for the stock process from the risk-neutral to the T N -forward measure, one needs to find the form for the zero-coupon bond, P (t, T N ). By the recursive Equation (2.3) it is easy to find the following expression for the last bond (needed in Equation (3.3) to follow):
with m(t) = min(k : t ≤ T k ) (empty products in (2.9) are defined to be equal to 1). The bond P (t, T N ) in (2.9) is fully determined by the Libor rates L k (t), k = 1, . . . , N and the bond P (t, T m(t) ). Although the Libors L k (t) are defined in System (2.7) the bond
is not yet well-defined in the current framework.
In the following subsection we discuss possible interpolation methods for the short-dated bond P (t, T m(t) ).
Interpolations of Short-Dated Bonds
Let us consider the discrete tenor structure T and the Libor rates L k (t) as defined in (2.3). As already indicated in [BGM97; MR97] the main problem with market models is that they do not provide continuous time dynamics for any bond in the tenor structure. Therefore, it is rather difficult, without additional assumptions, to define a short-rate process, r(t), which can be used in combination with the Heston model for equity.
In this section we discuss how to extend the market model, so that the noarbitrage conditions are met and the bonds P (t, T i ) for t / ∈ T are well-defined. We start with the interpolation technique introduced in [Sch02] . In this approach a linear interpolation which produces a piecewise deterministic short rate for t ∈ (T m(t)−1 , T m(t) ) is used. The method is equivalent with assuming a zero volatility for all zero-coupon bonds, P (t, T i ), maturing at a next (future) date in the tenor structure T , i.e.: t ≤ T m(t) , the zero-coupon bond P (t, T m(t) ) is well-defined and arbitrage-free (see [Sch02; BJ09] ), if,
(2.10) Representation (2.10) satisfies the main features of the zero-coupon bond, i.e., for t → T m(t) the bond P (t, T m(t) ) → 1. Since Eq. (2.10) implies a zero volatility interpolation for the intermediate intervals, a deterministic interest rate is assumed for intermediate time points, T m(t)−1 < t < T m(t) .
The assumption of a locally deterministic interest rate in short-dated bonds may however be unsatisfactory, for example, for pricing path-sensitive products in which the payment does not occur at the pre-specified dates, T i ∈ T . In such a case, one can use an interpolation which incorporates some internal volatility. An alternative, arbitrage-free interpolation for zero-coupon bonds is, for example, given by:
, and α(t) is a (chosen) deterministic function which controls the level of the volatility in the short-dated bonds.
More details on interpolation approaches can be found in [Sch02; Pit04; DMP09; BJ09].
Remark. When calibrating the equity-interest rate hybrid model, the interest rate part is usually calibrated to the market data, independent of the equity part. Afterwards, the calibrated interest rate model is combined with the equity component. With suitable correlations imposed, the remaining parameters are then determined. Obviously, in the last step the hybrid parameters are determined by calibration to equity option values. By assuming that the equity maturities, T i , are defined to be the same dates as the zero-coupon bonds in the LMM, there is no need for advanced zero-coupon bond interpolations. The interpolation routines are, however, often required when pricing the hybrids themselves. The hybrid product pricing is typically performed with a short-step Monte Carlo simulation, for which the assumption of a constant short-term interest rate may not be satisfactory. Especially if the hybrid payments occur at dates that are not specified in the tenor structure T .
The Hybrid Heston-LMM
In this section we construct the hybrid model. As indicated in for example [MM09] , when pricing interest rate derivatives the usual reference measure is the spot measure Q, associated with a directly re-balanced bank account numéraire B(t). When dealing with an equity-interest rate hybrid model however, after calibrating the interest rate part, one needs to price the European equity options in order to determine the unknown equity parameters. The price of a European call option is given by:
with K the strike, S(T N ) the stock price at time T N , filtration F t and a numéraire B(T N ). Since the money-savings account, B(T N ), is a stochastic quantity, the joint distribution of 1/B(T N ) and S(T N ) is required to determine the value in (3.1). This however may be a difficult task. Obviously this issue is avoided when switching between the appropriate measures: From the risk-free measure Q to the forward measure associated with the zero-coupon bond maturing at the payment day, T N , P (t, T N ) (see [Jam91] ). With the Radon-Nikodym derivative we obtain:
with F T N (t) the forward of the stock S(t), defined as:
Derivation of the Hybrid Model
Under the T N -forward measure we assume that the equity process is driven by the Heston stochastic volatility model, given by the following dynamics:
Note that the drift in (3.4)
is not yet specified.
For the interest rate model we choose the DD-SV Libor Market Model under the T N -measure generated by the numéraire P (t, T N ), given by:
5) with a non-zero correlation between the stock process, S(t), and its variance process, ξ(t), between the Libors, L i (t) and L j (t), for i, j = 1 . . . N , i = j, and between the stock S(t) and Libor rates, i.e.:
We assume a zero correlation between the Libors L i (t) and their variance process V (t), between the Libors and the variance process for equity, ξ(t), between the variance processes, ξ(t) and V (t), and between the stock S(t) and the variance of the Libors, V (t).
For the calculation of the value of the European option given in (3.2), we first need to determine the dynamics for the forward, F T N (t). From Itô's lemma we get:
Since the forward is a martingale under the T N -measure generated by the zero-coupon bond, P (t, T N ), the forward dynamics do not contain a drift term. This implies that we do not encounter any "dt"-terms in the dynamics of dF T N (t), i.e.:
Equation (3.7) shows that in order to find the dynamics for process dF T N (t) the dynamics for P (t, T N ) also need to be determined. With the approximation introduced in Section 2.3, the bond P (t, T N ) is given by
Before we derive the Itô dynamics for the zero-coupon bond, P (t, T N ), we define, for ease of notation, the following "support variables":
By taking the log-transform of the bond, log P (t, T N ), we find:
so that the dynamics for the log-bond read:
On the other hand, by applying Itô's lemma to log P (t, T N ) we get:
By neglecting the dt-terms (as we do not encounter any "dt"-terms in the dynamics of dF T N (t)) and by matching Equations (3.9) and (3.10), we obtain:
with the dynamics for d log g j (t, L j (t)):
After substitution of (3.11), (3.12) and (3.5) and neglecting dt-terms the dynamics for the bond P (t, T N ) are given by:
Now, we return to the derivations for the forward, F T N (t), in Equation (3.7). By Equation (3.4) these can be expressed as:
Finally, by combining the Equations (3.14) and (3.13) the dynamics for the forward F T N (t) are determined:
Since the forward, F T N (t), is a martingale under the T N -measure (i.e., fully determined in terms of the volatility structure), the interpolation, with zero volatility, does not affect the dynamics for the forward F T N (t). As indicated in [Reb04] , under the forward measure the forward price (3.15) includes components arising from volatility of the zero-coupon bonds that connect the spot and the forward prices.
Approximation for the Hybrid Model
With the stock process, S(t), under the T N -terminal measure to be driven by the Heston model with a stochastic, correlated variance process, ξ(t), we obtained the dynamics in (3.15) for the forward prices,
, and the parameters as defined in (2.1). The Libor rates L i (t) are defined in (3.5).
We call this model the Heston-Libor Market Model, abbreviated by H-LMM, here. This is the full-scale model, which requires approximations for efficient pricing of European equity options.
The model in (3.15) is not of the affine form, as it involves terms like φ j (t)/(1 + τ i L i (t)). Therefore we cannot use the standard techniques from [DPS00] to determine the ChF. The availability of a ChF is especially important for the model calibration, where fast pricing for equity plain vanilla products is essential. For this reason we freeze the Libor rates [GZ99; HW00; JR00], i.e.:
As a consequence φ j (t) ≈ L j (0) (with φ j (t) in (2.6)) and the dynamics for the forward
with the correlations and the remaining processes given in (3.6). Now, we determine the log-transform of the forward x T N (t) := log F T N (t). With A = {m(t) + 1, . . . , N } and application of Itô's lemma, the dynamics for x T N (t) are given by:
The square of the sum in the drift can be reformulated, by
By taking x j = ψ j V (t)dW N j the dynamics can now be expressed as:
By setting,
On the other hand the frozen Libor dynamics are given by:
which, by taking
with the variance process V (t) given in (3.5).
Here, we derive the instantaneous covariance for the stochastic model given by (4.5) and (4.6) with the variance processes in (3.4) and (3.5). Since the dynamics for the forward F T N (t) involve the Libor rates, the dimension of the covariance matrix will be dependent on time t. For a given state vector
T , the covariance matrix will be of the following form:
(4.7) with
and
Zeros are present in the covariance matrix due to the assumption of zero correlation for ρ x,V , ρ ξ,Li , ρ Li,V and ρ ξ,V . The covariance matrix as well as the drift in Equation (4.5) include the non-affine terms ξ(t) V (t). Therefore the resulting model is not affine and we cannot easily derive the corresponding ChF. Appropriate approximations will be introduced in the next subsection.
The Hybrid Model Linearization
In order to bring the system in an affine form, approximations for the non-affine terms in the instantaneous covariance matrix (4.7) are necessary (as done in [GO09] for a hybrid with stochastic volatility for equity and a short-rate model for the interest rate). In the present work, we linearize these terms by projection on the first moments, as follows:
with ⊥ ⊥ indicating independence between the processes ξ(t) and V (t). By [Duf01] and simplifications as in [Kum36] the closed-form expression for the expectation of the square-root of square-root process, E( ξ(t)), can be found 2 :
and Gamma function Γ(z) = ∞ 0 t z−1 e −t dt. Parameters κ,ξ, ξ(0) and γ are given in (3.4).
Although the expectation is in closed-form, its evaluation is rather expensive. One may prefer to use a suitable proxy, given by:
with constant coefficients a i , b i and c i for i = 1, 2 that can easily be determined (see [GO09] for details).
The Forward Characteristic Function
With the approximations introduced, the non-affine terms in the drift and in the instantaneous covariance matrix have been linearized. Therefore this approximate model is in the class of affine processes. With the approximations, under the logtransform, the forward, x T N (t), is governed by the following SDE:
(with A 1 and A 2 as in (4.4)) which is of the affine form. We call this approximation to the full-scale hybrid model, the approximate Heston-Libor Market Model, denoted by H1-LMM. Now, we derive the corresponding forward characteristic function of the model. Since the dimension of the hybrid changes over time, the number of coefficients in the corresponding characteristic function will also change. For a given time to expiry, τ = T N − t, and B = {m(T N − τ ) + 1, . . . , T N } the forward characteristic function for the approximate hybrid model is of the following form: Lemma 4.1 indicates that B x (u, τ ) = iu and B j (u, τ ) = 0, giving rise to a simplification of the forward ChF:
with B ξ (u, τ ), B V (u, τ ) and A(u, τ ) given by:
subject to the boundary conditions:
With the help of the Feynman-Kac theorem, one can show that the forward characteristic function, φ T N := φ T N (u, X(t), τ ), given in (4.17) with functions B ξ (u, τ ), B V (u, τ ) and A(u, τ ) in (4.18) satisfies the following Kolmogorov backward equation:
, with ϑ(t) in (4.12), and A 1 (t), A 2 (t) in (4.4).
Since ϑ(t) is a deterministic function of time, the PDE coefficients in (4.19) are all affine.
The complex-valued functions B ξ (u, τ ), B V (u, τ ) and A(u, τ ) in Lemma 4.1 are of the Heston-type (see [Hes93] ). For constant parameters an analytic closed-form solution is available, however since the functions A 1 (t) and A 2 (t) are not constant but piecewise constant an alternative approach needs to be used. As indicated in [AA00] an analytic, but recursive, solution is also available for piecewise constant parameters. We provide the solutions in Proposition 4.3.
Proposition 4.3 (Piece-wise complex-valued functions A(u, τ ), B ξ (u, τ ) and B V (u, τ )). For a given grid, 0 = τ 0 < τ 1 < · · · < τ N = τ, and time interval, s j = τ j − τ j−1 , j = 1, . . . , N, the piece-wise constant complex-valued coefficients, B ξ (u, τ ) and B V (u, τ ), are given by the following recursive expressions:
, and,
with:
, and the boundary conditions B ξ (u, τ 0 ) = 0, B V (u, τ 0 ) = 0 and A(u, τ 0 ) = 0. Moreover, for t = T N − τ j , the functions A 1 (t) and A 2 (t) are defined in (4.4) and ϑ(t) in (4.12) with the parameters κ, γ, λ, η and ρ x,ξ given in (3.4), (3.5) and (3.6).
Proof. The proof can be found in Appendix B.
With a characteristic function available for the log-transformed forward x T N (t), we can compute European option prices for equity maturing at the terminal time, T N . In the case of an option maturing at a time different from the terminal time T N (say at T i with i < N ), one needs to price the equity forward F Ti (t), and therefore an appropriate change of measure for the H-LMM model (3.15) should be applied. Since the forward F Ti is a martingale under the T i -forward measure, it does not contain a drift term. On the other hand, the variance process, ξ(t), for the Heston model is neither correlated with the Libors nor with the Libor's variance process, V (t). The change of measure therefore does not affect variance process ξ(t). In Appendix C we present a proof for this statement.
Numerical Results
In this section several numerical experiments are presented. First of all, the accuracy of the approximate model, H1-LMM, is compared with the full scale H-LMM model for European call option prices. Furthermore, the sensitivity to the interest rate skew for both models is checked. Finally, we use a typical equity-interest rate hybrid payoff function and compare the performance of the new H-LMM model with the Heston-Hull-White hybrid model.
Accuracy of H1-LMM
We check here the accuracy of the developed approximation H1-LMM. We compare the Monte Carlo European call prices from the full-scale H-LMM model with the corresponding prices obtained by the Fourier inverse algorithm [FO08] for the H1-LMM model. In the Monte Carlo simulation we work under one measure, the T N -terminal measure. So, the prices for different option maturities are calculated by the following expression:
which by Equation (3.3) equals:
with K the strike price, and the bond P (T i , T N ) is given by (2.9).
The prices calculated by the Fourier inverse algorithm are obtained with the following expression:
with the ChF from Proposition 4.3. As mentioned, the change of measure does not affect the volatility of the Heston process. Pricing under different measures is therefore consistent. When calibrating the plain Heston model in practice, the parameters obtained rarely satisfy the Feller condition 3 , γ 2 < 2κξ. In order to mimic a realistic setting, we also choose parameters that do not satisfy this inequality, i.e.: κ = 1.2,ξ = 0.1, γ = 0.5, S(0) = 1, ξ(0) = 0.1.
3 If the Feller condition is satisfied this ensures that the variance process is positive.
For the interest rate model we take:
In the correlation matrix a number of model correlations need to be specified. For the correlations between the Libor rates, we set large positive values, as frequently observed in the fixed income markets (see for example [BM07] ), ρ i,j = 0.98, for i, j = 1, . . . , N, i = j. For the correlation between S(t) and ξ(t) we set a negative correlation, ρ x,ξ = −0.3, which corresponds to the skew in the implied volatility for equity. And, finally, the correlation between the stock and the Libors, ρ x,i = 0.5 for i = 1, . . . , N . In practice this correlation would be estimated from historical data. The following correlation matrix results: Table 5 .1. In Figure 5 .1 the corresponding implied volatility plots are presented. The accuracy of the approximations introduced (H1-LMM) is highly satisfactory for this experiment. 
European Equity Call Option Price
Interest Rate Skew
Approximation H1-LMM was based on freezing the appropriate Libor rates and on linearizations in the instantaneous covariance matrix. By freezing the Libors, i.e.: In the DD-SV model, parameter β k controls the slope of the interest rate volatility smile, so by freezing the Libors to L k (0) the information about the interest rate skew is not included in the approximation H1-LMM.
We perform here an experiment with the full scale model (H-LMM). By a Monte Carlo simulation, we check the influence of parameter β k on the equity implied volatilities [BS73] . In Table 5 .2 the equity implied volatilities for the European call option for H-LMM are presented. The experiment displays a small impact of the different β k 's on the equity implied volatilities, which implies that our approximation, H1-LMM, makes sense for various parameters β k in the interest rate modelling in the present setting. Table 5 .2: The effect of the interest rate skew, controlled by β k , on the equity implied volatilities. The Monte Carlo simulation was performed with the setup from Table 5 .1. The maturity is T N = 10. Values in brackets indicate implied volatility standard deviations (the experiment was repeated 10 times).
Equity Implied Volatilities Strike
To explain the small effect of variation in β k on the equity implied volatility we need to return to the equity forward equation in (3.15), i.e.:
The equity forward is based on two types of correlated volatilities: The equity with dW N x (t) and the interest rate with dW N j (t) for j = 1, . . . , N . Since in the experiment we have chosen a realistic set of parameters (as in Section 5.1) with a rather large parameter γ = 0.5, the first term in the forward SDE above, ξ(t)dW N x (t), is dominating. The other volatilities contribute in particular when large maturities are considered. The theoretical proof for this statement is rather involved, but we can simply illustrate it by setting t = 0. For the equity part we then have:
ξ ( In order to further check the effect of β k on the equity options we now consider the large maturity case, i.e.: T = {1, 2, . . . , 30}, with N = 30, γ = 0.1, κ = 0.2 and ξ(0) = 0.001. Table 5 .3 shows the corresponding implied volatility for equity. We see that β k influences options by approximately 1-2 volatility points. Our analysis shows that for very long maturities, increasing values of β k shift the equity implied volatility curve downwards (although it is not a large shift). Table 5 .3: The effect of the interest rate skew, controlled by β k , on the equity implied volatilities for large maturities. Three simulations were performed with the same random seed.
The experiments performed show that the equity option prices are not strongly influenced by the value of β k which indicates that freezing the Libors in the H1-LMM model may not influence calibration procedure significantly.
Pricing a Hybrid Product
Although the interest rate skew parameter, β k , does not strongly influence the equity prices, it may still have an impact on the hybrid contract price. In this subsection we use H-LMM and price a typical exotic payoff.
As indicated in [Hun05] , an investor interested in structured products may look for higher expected return (higher coupons) than available from basic market instruments. By trading hybrid products she can also trade the correlation, for example, by including multiple assets in a structured derivatives product, and therefore the basket volatility can be reduced. This typically makes the corresponding option cheaper.
The main advantage of H-LMM lies in its capability to price hybrid products that are sensitive to an equity smile, an interest rate smile and the correlation between the assets. A hybrid payoff which involves the equity and interest rate assets is the so-called minimum of several assets payoff, see [Hun05] . The contract is made for an investor willing to take some risk in one asset class in order to obtain a participation in a different asset class. If the investor wants to be involved in an n-years Constant Maturity Swap (CMS), by taking some risk in equity, this can be expressed by the following payoff:
with S(t) being the stock price at time t and C n (t) is an n-years CMS. By setting the tenor structure T = {1, . . . , 10}, with payment date T N = 5 and maturity T M = 10, we obtain the following pricing equation:
In our simulation, the bonds P (T i , T j ) are obtained from the SV-DD Libor Market Model and determined by (2.9) for t = T i and T N = T j . As a first test we check the sensitivity to the interest rate skew (by changing β and keeping the correlation ρ x,i = 0, for all i) and to the correlation between the stock, S t , and the Libor rates, L i (t), by varying the correlation, ρ x,i = {0, −0.7, 0.7}, for all i. Figure 5 .2 shows the corresponding results. We see a significant impact on the hybrid prices, which suggests that plain equity models, or equity short-rate hybrid models, may lead to different prices for such hybrid products. Insight in the added value of H-LMM can be gained by comparing the H-LMM results with, for example, the Heston-Hull-White (HHW) hybrid model. In the HHW model the equity part is driven by the Heston process, as in Equation (2.1), but the interest rate is driven by a Hull-White short-rate process given by the following SDE:
with positive parameters λ, θ, η and dW x (t)dW r (t) = ρ x,r dt. Before performing the pricing of the hybrid product the model parameters need to be determined. The models were calibrated to data sets provided in Appendix D. For H-LMM, the parameters from Section 5.1 were found. In the calibration of the HHW model, we first calibrated the Hull-White process, for which we obtained: λ = 0.0614, η = 0.0133, r 0 = 0.05. Then, with an imposed correlation between the stock and the short-rate, ρ x,r = 0.5, the remaining parameters were found to be: κ = 0.650, γ = 0.469,ξ = 0.090, ρ x,ξ = −0.222, ξ(0) = 0.114.
In Figure 5 .3 the pricing results with the two hybrid models are presented. For k > 5% (with k in Equation (5.2)) a significant difference between the obtained prices is observed, although the two models were calibrated to the same data set.
Payoff equation (5.2) shows that, as the percentage k increases, the dominating part of the product will be the CMS rate. We conclude that the Hull-White underlying model for the short-rate indeed does not take into account the interest rate smile/skew and therefore gives different prices for a smile/skew sensitive product. In Figure 5 .4 the histograms of the CMS rate for both models are presented. The histogram on the left-hand side, corresponding to H-LMM, shows significantly fatter tails than one for the short-rate (right-hand side figure). 
Conclusion
The financial industry does not only require models that are well-defined and capture the important features in the market, but also efficient calibration of a model to market data should be feasible.
We have proposed an equity-interest rate hybrid model with stochastic volatility for stock and for the interest rates. To bring the model within the class of affine processes, we projected the non-affine terms on time-dependent functions. This approximation to the full-scale model is affine, and we have determined a closed-form forward characteristic function. By this the approximate hybrid model, H1-LMM, can be used for calibration purposes.
The main advantage of the model developed lies in its ability to price hybrid produces exposed to the interest rate smile accurately and efficiently.
In the present paper we have been focused on the calibration aspects. In our near future research we aim for theoretical analysis of the impact of the various approximations made.
With the Heston equity model (4.5) and the stochastic volatility Libor Market Model in (4.6) we set vector u = [u, 0, . . . , 0]
T . In order to find the functions A(u, τ ) and B
T (u, τ ) in (A.1) we need to determine the matrices a T 1 , c 0 , c 1 and the vector a 0 . By the approximations in (4.1) and (4.12), the drifts in the Libors, L i (t), and in the forward dynamics do not contain any non-affine terms. For A = {m(t) + 1, . . . , N }, t = T N − τ , the non-zero elements in matrix a with certain initial conditions for B ξ (u, τ 0 ), B V (u, τ 0 ) and A(u, τ 0 ) and coefficients:
and the coefficients for A(u, τ ):
Since, B ξ (u, τ ) and B V (u, τ ) are not depending on A(u, τ ) a closed-form solution is available (see, for example, [Hes93; WZ08] ). For τ > 0 we find:
For A(u, τ ) we have:
The first two integrals can be solved analytically:
(B.9) For the last integral we have:
Since A 2 (τ − s) is constant between 0 and τ , function A 2 (τ − s) can be taken outside the integral. The proof is finished by the appropriate substitutions.
C Equity Variance Dynamics Under Measure Change
Proposition C.1. The dynamics of the variance process, ξ(t), given in (3.4) are not affected by changing the forward measure generated by numéraire P (t, T i ), for i = 1, . . . , N .
Proof. Under the T N -forward measure the model with the forward stock, F T N (t) in (3.15), with the variance process, ξ(t) in (3.4), and the Libor rates as given in (3.5), can, in terms of the independent Brownian motions, be expressed as:
. . . λ(V (0) − V (t)) µ N (t) = 0 0 κ(ξ − ξ(t)) By the Girsanov theorem this implies that the change of measure is given by:
We wish to find the dynamics for process ξ(t) under the measure Q N −1 . In terms of the independent Brownian motions the variance process ξ(t) is given by: dξ(t) = κ(ξ − ξ(t))dt + ζ N +3 (t Since for all j = 1, . . . , N the scalar product ζ N +3 (t)ζ j (t) T = 0, changing the corresponding forward measures does not affect the drift of the variance process ξ(t). This observation concludes the proof.
D Reference Market Data
We here present the reference market data to which the models have been calibrated. The zero-coupon bonds are given by: P (0, 1) = 0.9512, P (0, 2) = 0.9048, P (0, 3) = 0.8607, P (0, 4) = 0.8187, P (0, 5) = 0.7788, P (0, 6) = 0.7408, P (0, 7) = 0.7047, P (0, 8) = 0.6703, P (0, 9) = 0.6376 and P (0, 10) = 0.6065.
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